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Abstract
We study the two-point correlation function of density perturbations in a spherically symmetric
void universe model which does not employ the Copernican principle. First we solve perturbation
equations in the inhomogeneous universe model and obtain density fluctuations by using a method
of non-linear perturbation theory which was adopted in our previous paper. From the obtained
solutions, we calculate the two-point correlation function and show that it has a local anisotropy
at the off-center position differently from those in homogeneous and isotropic universes. This
anisotropy is caused by the tidal force in the off-center region of the spherical void. Since no tidal
force exists in homogeneous and isotropic universes, we may test the inhomogeneous universe by
observing statistical distortion of the two-point galaxy correlation function.
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I. INTRODUCTION
Most of modern cosmological models are based on the Copernican principle which states
the earth is not at a privileged position in the universe. The observed isotropy of the Cosmic
Microwave Background (CMB) radiation together with the Copernican principle implies our
universe is homogeneous and isotropic, if the small scale structures less than 50 Mpc are
coarse-grained. Although the standard cosmology can explain a lot of observations naturally,
we should note that the Copernican principle on cosmological scales ≥ 1 Gpc has not been
confirmed. This means modern cosmology would contain systematic errors that arise from
the inhomogeneity of the background universe. The systematic errors may mislead us when
we consider major issues in modern cosmology such as probing dark energy abundance and
testing general relativity at cosmological scales. Thus, it is an unavoidable task in modern
precision cosmology to test the Copernican principle.
In order to test the Copernican principle, we have to investigate non-Copernican cos-
mological models which drop the Copernican principle. Non-Copernican models commonly
assume that we live close to the center in a spherically symmetric spacetime since the uni-
verse is observed to be nearly isotropic around us. These models have also been studied as
an alternative to dark energy, because some of them can explain the observation of Type Ia
supernovae without introducing dark energy [1–13]. The non-Copernican models without
dark energy have been tested by observations including the CMB acoustic peaks [14–24],
the kinematic Suniyaev-Zeldovich effect [25–29] and others [30–52], and significant obser-
vational constraints exist. However, it should be noted that even if we accept dark energy
components, the existence of the large spherical inhomogeneity may significantly affects ob-
servational results irrespective of the observational constraints (see e.g. Ref. [53]). A large
void universe which assumes we live at a center of a huge void whose radius is larger than
1 Gpc is known as one of popular models among the non-Copernican cosmologies, and we
take such model into consideration in this paper, although our strategy is rather general.
Growth of the large-scale structure in the universe can be thought as one of the most
useful tools to examine the large spherical void model, because the evolution of perturbations
is expected to reflect the tidal force in the background spacetime. Unfortunately, linear
perturbation equations in the spherical void universe have not been solved [54], because
the number of isometries in a spherically symmetric inhomogeneous spacetim are less than
in a homogeneous and isotropic spacetime. Though some authors [55–59] have studied
the perturbation equations using a local-Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
approximation which neglects shear of the background spacetime, it is not clear how to
evaluate the accuracy for the approximation. Actually, in this paper, we will show that the
shear effect plays an important role in the growth of the perturbations by using another
complementary analytic approach proposed in our last paper [60].
In our previous work [60], we considered two kinds of perturbations in the homogeneous
and isotropic universe. One is the isotropic mode which represents the large spherical void,
and the other is the anisotropic mode which denotes the large-scale structure besides the
void. We solved successively nonlinear perturbation equations in the homogeneous and
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isotropic universe model, where the isotropic and anisotropic perturbations couple with each
other, and then the evolution of anisotropic density fluctuations affected by the spherical
void was clarified. By using the solution for the non-linear perturbation equations, we
calculated angular power spectrum which is defined as the two-point correlation of the
density perturbations in the direction transverse to the line of sight of the observer at
the center of the void. By computing the growth rate of the angular power spectrum, we
showed the growth of perturbations in the void universe model is different from those in
the homogeneous and isotropic universes. However, we have studied the correlation of the
density perturbations only for the direction transverse to the line of sight of the central
observer. In this paper, we will calculate the two-point correlation function of the density
perturbations in all directions and discuss the direction-dependence, that is, distortion of the
two-point correlation function which is caused by the shear of the huge void in an off-center
region.
This paper is organized as follows. In § II, we review our method for solving perturbation
equations. In § III, we calculate the two-point correlation function of the density fluctuations,
and discuss its distortion. In § IV, we evaluate the distortion of the two-point correlation
function in simple void models. § V is devoted to a summary and discussion.
In this paper, we use the geometrized units in which the speed of light and Newton’s grav-
itational constant are one, respectively. The Latin indices denote the spatial components,
whereas the Greek indices represent the spacetime components.
II. PERTURBATIONS IN A LARGE VOID UNIVERSE
We choose the dust-Λ-FLRW universe model as a background, whose metric and stress
energy tensor is given by
ds2 = −dt2 + a2(t)γ¯ijdxidxj
:= −dt2 + a2(t)
[
dχ2 + S2K(χ)(dθ
2 + sin2 θdφ2)
]
, (1)
and
T µν = ρ¯(t)u¯µu¯ν, (2)
where ρ¯, u¯µ = (1, 0, 0, 0) and a(t) are the energy density, 4-velocity of dust fluid element and
scale factor, respectively, and SK is defined by
SK(χ) =


sinh
(√−Kχ) /√−K, K < 0
χ, K = 0
sin
(√
Kχ
)
/
√
K, K > 0
where K is a constant that denotes spatial curvature.
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We consider perturbations parametrized by two book-keeping parameters κ and ǫ on the
dust-Λ-FLRW universe shown above as a background; both κ and ǫ represent the smallness
of perturbations but with 0 < ǫ ≪ κ ≪ 1 during calculations. The fluctuations with κ are
isotropic and compose a spherical void inhomogeneity, whereas the perturbations with ǫ are
anisotropic and denote the large-scale structures such as clusters of galaxies.
In the synchronous comoving gauge, the metric and stress-energy tensor of the perturbed
universe model is written as
ds2 = −dt2 + a2(t) ∑
N=0
κN
[
ℓ
(N)
ij dx
idxj + ǫ h
(N+1)
ij dx
idxj +O(ǫ2)
]
, (3)
and
T µν = ρ¯(t)u¯µu¯ν
∑
N=0
κN
[
∆(N)(t, χ) + ǫ δ(N+1)(t,x) +O(ǫ2)
]
, (4)
where ℓ
(0)
ij = γ¯ij, ∆
(0) = 1 and x := (χ, θ, φ). Here, we note two limits, ǫ→ 0 with κ 6= 0 and
κ→ 0 with ǫ 6= 0. In the former case, the spacetime coincides with the Λ-Lemaˆıtre-Tolman-
Bondi (Λ-LTB) solution which is the spherically symmetric dust solution of the Einstein
equation with the cosmological constant Λ, if we take all orders of the κ into account. In
the later case, the spacetime coincides with the homogeneous and isotropic universe with
standard linear perturbations, if we neglect the terms of the order higher than or equal to
ǫ2.
By substituting expressions (3) and (4) into the Einstein equations Gµν = 8πTµν and the
equation of motion for matter ∇µT µν = 0, and assuming the equations hold in each order
with respect to κ and ǫ, we obtain the equations for the density perturbations of the order
ǫ and κǫ as follows;
δ¨(1) + 2Hδ˙(1) − 4πρ¯δ(1) = 0, (5)
δ¨(2) + 2Hδ˙(2) − 4πρ¯δ(2) = S(2), (6)
where a dot denotes a time derivative and H := a˙/a, and by denoting ℓij := γ¯ikγ¯jlℓkl,
S(2) :=
1
2
ℓ˙(1)ij h˙
(1)
ij + 2∆˙
(1)δ˙(1) + ∆¨(1)δ(1) +∆(1)δ¨(1) + 2H∆˙(1)δ(1) + 2H∆(1)δ˙(1). (7)
The general solution of Eq. (5) is represented by a linear superposition of the growing factor
D+(t) and decaying factor D−(t) which are given by
D+(t) = H
∫ a(t) da
a3H3
and D−(t) = H. (8)
Here for simplicity, we ignore the decaying mode, and δ(1)(t,x) = D+(t)δ(1)(ti,x) where
ti is sufficiently early time so that the isotropic perturbations are negligible and standard
homogeneous and isotropic cosmology is applicable at this stage. We solve Eq. (6) by using
the Green function method and obtain
δ(t,x) := ǫ δ(1)(t,x) + κǫ δ(2)(t,x)
4
= ǫ δ(1)(t,x) + κǫ
[
T1(t)∆
(1)(ti, χ)δ
(1)(t,x) + T2(t)ℓ˙
(1)ij(ti,x)h
(1)
ij (t,x)
]
, (9)
where
T1(t) := [D
+(t)]−1
∫ t
ti
dsG(s; t)
(
2D˙+(s)D˙+(s) + 2D¨+(s)D+(s) + 4H(s)D˙+(s)D+(s)
)
,
T2(t) :=
1
2
[D+(t)D˙+(ti)]
−1
∫ t
ti
dsG(s; t)D˙+(s)D˙+(s),
G(s; t) :=
D−(t)D+(s)−D+(t)D−(s)
D+(s)D˙−(s)− D˙+(s)D−(s) .
For later convenience, focusing on the scalar modes on a sphere specified by the radial
coordinate χ, we rewrite the term ℓ˙(1)ijh
(1)
ij in the solution (9) as follows. We first rewrite
the metric perturbations of the order κ in the form
ℓ
(1)
ij dx
idxj = ℓ
(1)
|| (t, χ)dχ
2 + ℓ
(1)
⊥ (t, χ)S
2
K(χ)dΩ
2. (10)
Note that ℓ
(1)
|| (t, χ) and ℓ
(1)
⊥ (t, χ) are the scalar on a sphere specified by χ. Then, we define
the radial and azimuthal Hubble parameters as
H|| := H + κψ
(1)
|| +O(ǫ, κ2) and H⊥ := H + κψ(1)⊥ +O(ǫ, κ2), (11)
where
ψ
(1)
|| :=
1
2
ℓ˙
(1)
|| and ψ
(1)
⊥ :=
1
2
ℓ˙
(1)
⊥ . (12)
Regarding the anisotropic perturbations, we assume that the metric perturbation h
(1)
ij is
composed of the only scalar modes, and thus it is written in the form
h
(1)
ij = Ψ
(1)(t,x)γ¯ij +DiDjΦ(1)(t,x), (13)
where Di denotes covariant derivative with respect to γ¯ij. Note that both Ψ(1) and Φ(1) are
the scalar on the hypersurface of constant t. The time-space components of the Einstein
equations of the order ǫ lead to Ψ(1) = KΦ(1), and hence we have
h
(1)
ij = KΦ
(1)(t,x)γij +DiDjΦ(1)(t,x). (14)
The function Φ(1) is related to the density contrast δ(1) through the equation of motion for
the dust of the order ǫ as
δ(1) = −1
2
(
DiDi + 3K
)
Φ(1). (15)
By using the functions ψ
(1)
|| , ψ
(1)
⊥ and Φ
(1), the density contrast (9) is reduced to
δ(t,x) = ǫ δ(1)(t,x) + κǫ
[
T1(t)∆
i(χ)δ(1)(t,x)
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+ 2T2(t)
{
K
(
ψi||(χ) + 2ψ
i
⊥(χ)
)
+ ψi⊥(χ)DiDi +
(
ψi||(χ)− ψi⊥(χ)
)
∂2χ
}
Φ(1)(t,x)
]
= ǫ δ(1)(t,x) + κǫ
[{
T1(t)∆
i(χ)− 4T2(t)ψi⊥(χ)
}
δ(1)(t,x)
+ 2T2(t)
{
ψi||(χ)− ψi⊥(χ)
} (
K + ∂2χ
)
Φ(1)(t,x)
]
, (16)
where the superscript i represents the initial value at t = ti, and we have used Eq. (15) in
the second equality.
III. DERIVATION OF TWO-POINT CORRELATION FUNCTION
As already mentioned, it is the purpose of this paper to study two-point correlation
function of density perturbations in inhomogeneous and isotropic universe models. In order
to clarify the evolution of density perturbations, we have invoked the perturbative analysis
on the background dust-Λ-FLRW universe. By virtue of this treatment, we can specify the
relative position of two points and the central observer by using the comoving distance which
is the geodesic distance with respect to the background conformal metric γ¯ij . We represent
two-point correlation functions of anisotropic density perturbations in the inhomogeneous
and isotropic universe model in the form
ξ(t,x1,x2) := 〈δ(t,x1)δ(t,x2)〉 = ξ(t, χ, χ1, χ2), (17)
where χ1,2 are the comoving distances from the central observer to the points, and χ is the
comoving separation of the two points (see fig. 1).
By using the quantities introduced in the previous section, the two-point correlation
function is given by
ξ = ǫ2〈δ(1)(t,x1)δ(1)(t,x2)〉
+ κǫ2〈δ(2)(t,x1)δ(1)(t,x2)〉+ κǫ2〈δ(1)(t,x1)δ(2)(t,x2)〉+O(ǫ2κ2). (18)
The terms of the order κǫ2 in the right hand side of the above equation represent the effects
of the spherical void on the anisotropic perturbations. By using Eq. (16), these terms of our
interest are written as follows. The second term in the right hand side of Eq. (18) is given
by
〈δ(2)(t,x1)δ(1)(t,x2)〉 =
[
T1(t)∆
i(χ1)− 4T2(t)ψi⊥(χ1)
]
〈δ(1)(t,x1)δ(1)(t,x2)〉
+ 2T2(t)
[
ψi||(χ1)− ψi⊥(χ1)
] (
K + ∂2χ1
)
〈Φ(1)(t,x1)δ(1)(t,x2)〉. (19)
Hereafter, we assume that the wavelength λ of the anisotropic perturbations is much smaller
than the scale of the spatial curvature, ∂χ ∼ 1/λ ≫
√
|K|, and thus we discard the term
proportional to K in the above equation. 1 The third term in the right hand side of Eq. (18)
1 We note that χ1 and χ2 can be the same order of 1/
√
|K|.
6
is obtained by replacing the subscript 1 by 2 and 2 by 1, except for the subscript of T1 and
T2, in Eq. (19).
FIG. 1: Geometry of the relative position of the observer and two points in the constant curvature
space [61].
Under the short-wavelength assumption, λ≪ 1/
√
|K|, the two-point correlation function
of the linear density perturbations δ(1) is written as 2
〈δ(1)(t,x1)δ(1)(t,x2)〉 =
∫ ∞
0
dkk2
2π2
j0(kχ)P
(1)(t, k), (20)
where P (1)(t, k) is the so-called power spectrum in the homogeneous and isotropic universes.
By using Eq. (20) together with the relation δ(1) ≃ −1
2
DiDiΦ(1) from Eq. (15), we obtain
〈Φ(1)(t,x1)δ(1)(t,x2)〉 = 2
∫
dkk2
2π2
j0(kχ)
P (1)(t, k)
k2
. (21)
The remaining nontrivial term of the equation (19) is the derivative with respect to χ1. To
evaluate the term of the derivative with respect to χ1 in Eq. (19), we use the following useful
formula (see Appendix A and Ref. [61] for the derivation)
∂2j0(kχ)
∂χ21
= −k
2
3
j0(kχ) +
k2
3
(3 cos2 γ1 − 1)j2(kχ). (22)
By using Eqs. (19), (20), (21) and (22), we finally obtain
ξ(t, χ, χ1, χ2) = ǫ
2ξ(0)(t, χ)
+ κǫ2
[
A(t, χ1, χ2)ξ(0)(t, χ) +B(t, χ, χ1, χ2)ξ(2)(t, χ)
]
+O(κ2ǫ2), (23)
where ξ(l) is defined by
ξ(l)(t, χ) :=
∫ ∞
0
dk
2π2
k2jl(kχ)P
(1)(t, k),
2 General formula which does not employ the short-wavelength approximation can be seen in Matsubara’s
paper [61].
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and, by using the Legendre polynomial of degree two, P2(z),
A(t, χ1, χ2) := T1(t)
[
∆i(χ1) + ∆
i(χ2)
]
−4
3
T2(t)
[
ψi||(χ1) + 2ψ
i
⊥(χ1) + ψ
i
||(χ2) + 2ψ
i
⊥(χ2)
]
,
B(t, χ, χ1, χ2) :=
8
3
T2(t)
[
P2(cos γ1)
{
ψi||(χ1)− ψi⊥(χ1)
}
+P2(cos γ2)
{
ψi||(χ2)− ψi⊥(χ2)
}]
,
where γ1,2 in the above equation are represented by χ1, χ2 and χ (see Eqs. (A1)–(A3) in
Appendix A).
So far, we have only assumed 0 < κ ≪ 1 and ∂χ ≫
√
|K|. The spatial curvature K
and the cosmological constant Λ have not been ignored, and further any specific spatial
configurations for the isotropic perturbations have not been assumed yet. Therefore, the
equation (23) can be used to wide class of inhomogeneous and isotropic universes.
To clarify the behavior of the two-point correlation function (23) in the model of huge
void universe, we focus on the following situation; we consider two-point correlations whose
comoving separation χ is much smaller than both the comoving scale of the void Lvoid and
the comoving distance from the central observer to these points, χ1 and χ2. By the first
assumption, χ≪ Lvoid, we have
∆(1)(t, χ2) = ∆
(1)(t, χ1) +
∑
n=1
1
n!
(χ2 − χ1)n∂
n∆(1)(t, y)
∂yn
∣∣∣∣
y=χ1
=
[
1 +O
(
χ
Lvoid
)]
∆(1)(t, χ1), (24)
where we have used χ ≤ |χ1−χ2| for the second equality. The similar relations as the above
also hold for ψ
(1)
|| and ψ
(1)
⊥ . Then, by the second assumption, χ≪ χ1,2, which is often called
the distant-observer approximation [62], the angle γ2 can be approximated as γ2 ≃ π − γ1.
By these two assumptions, the two-point correlation function (23) is reduced to
ξ(t, χ, χ1, χ2) ≃ ξap(t, χ, χ1, γ1)
:= ǫ2ξ(0)(t, χ) + κǫ
2
[
a(t, χ1)ξ(0)(t, χ) + b(t, χ1, γ1)ξ(2)(t, χ)
]
, (25)
where
a(t, χ1) := 2T1(t)∆
i(χ1)− 8
3
T2(t)
(
ψi||(χ1) + 2ψ
i
⊥(χ1)
)
,
b(t, χ1, γ1) :=
16
3
T2(t)P2(cos γ1)
[
ψi||(χ1)− ψi⊥(χ1)
]
.
In the the above equations, the χ1-dependence implies the inhomogeneity of the two-point
correlation function, which comes from the spherical perturbations, ∆(1), ψ
(1)
|| and ψ
(1)
⊥ . We
8
can also see that the γ1-dependence of b(t, χ1, γ1) corresponds to the distortions of the corre-
lation, which results from the local anisotropy of the volume expansion rate at χ1 6= 0, that
is, ψ
(1)
|| − ψ(1)⊥ 6= 0. We would like to stress that the local-FLRW approximation never pre-
dicts the existence of a term that represents the γ1-dependence of the two-point correlation
function. Since the function T2(t) is the growth factor of the second-order perturbations,
the distortion of the correlation becomes important at late time.
By investigating the difference between its value of γ1 = π and of γ1 = π/2, we can see
whether distortion of the two-point correlation function exists. Here, it should be noted
that if we take the distance up to the order κ, the comoving distance χ does not mean the
same proper distance for γ1 = π and γ1 = π/2. By taking this fact into account, we define
the following quantity
Π(t, χp, χ1) := ξap (t, χ⊥, χ1, π/2)− ξap
(
t, χ||, χ1, π
)
, (26)
where χ|| and χ⊥ are related to the proper distance χp as
χ|| = χp
[
1− κ
2
ℓ||(t, χ1)
]
and χ⊥ = χp
[
1− κ
2
ℓ⊥(t, χ1)
]
. (27)
Substituting Eq. (25) into Eq. (26), we have
Π(t, χp, χ1) ≃ κǫ2
[
χp
2
{
ℓ||(t, χ1)− ℓ⊥(t, χ1)
} ∂ξ(0)(t, χ)
∂χ
∣∣∣∣
χ=χp
+ 8T2(t)
{
ψi⊥(χ1)− ψi||(χ1)
}
ξ(2)(t, χp)
]
. (28)
The quantity Π is a measure of the distortion of the two-point correlation function at each
point.
IV. DISTORTION OF TWO-POINT CORRELATION FUNCTION
We investigate the distortion of the two-point correlation function ξ in a specific model
of the void universe. We assume that this model approaches to the Einstein-de Sitter
universe model in the spatial asymptotic region with the dimensionless Hubble parameter
h := H0/100kms
−1Mpc−1 = 0.7. In the perturbative treatment, the inhomogeneity of the
void model is described by the isotropic perturbations of the order κ on the Einstein-de Sitter
universe. Since we consider the void model which can be approximated by the homogeneous
and isotropic universe at early stage, we neglect the decaying mode for the perturbations
of the order κ. We fix the gauge degree of freedom to rescale the radial coordinate as
ℓ
(1)
⊥ (t0, χ) = 0, where t0 is present time. Then the isotropic perturbations are completely
determined by the growing mode ∆+(χ), where the density contrast is given by
∆(1)(t, χ) =
D+(t)
D+(t0)
∆+(χ). (29)
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We present calculations to determine other perturbations, ℓ
(1)
|| and ℓ
(1)
⊥ , from ∆
+ in Ap-
pendix B. We set the function ∆+ as
∆+(χ1) = −0.3× 1− tanh [(χ1 − 0.1)/β]
1 + tanh [0.1/β]
, (30)
where β is a parameter that determines the size of void. We set the amplitude of the isotropic
density perturbation to be about 0.3 at present time. We show the density contrast at present
time, ∆(1)(t0, χ1), for three cases, β = 0.1, 0.2 and 0.4, as functions of χ1 in Fig. 2 . We can
Β=0.1
Β=0.2
Β=0.4
D
H1L
Ht0,Χ1L
0.0 0.2 0.4 0.6 0.8 1.0
-0.3
-0.2
-0.1
0.0
0.1
Χ1 @3000 h
-1
MpcD
FIG. 2: The density contrast ∆(1) at present time as a function of χ1 for three cases, β = 0.1, 0.2
and 0.4.
see from this figure that the size of the void is about 750h−1Mpc for β = 0.1, 1500h−1Mpc
for β = 0.2 and 3000h−1Mpc for β = 0.4, respectively.
We depict the quantity Π at the present time t = t0 as a function of χ1 for three cases,
β = 0.1, 0.2 and 0.4 in Fig. 3. Here, we have chosen the proper distance χp between two
points to be equal to 100h−1 Mpc, and we have used the fitting formula for the power
spectrum P (1)(t, k) developed by Eisenstein & Hu [63]. We can see from Fig. 3 that the
maximum of Π is located near the edge of the void. It is worth to notice that the magnitude
of the two-point correlation function of the order ǫ2 is ξ(0)(t0, 100h
−1Mpc) ≃ −1.2 × 10−4.
Then, we can also see from Fig. 3 that the function Π is about quarter of the leading
order term of the two-point correlation function. So, we conclude that the distortion of the
two-point correlation function is important in observationally studying the growth of the
large-scale structure in a large void universe.
V. SUMMARY AND DISCUSSION
We have derived an expression for two-point correlation function of density perturbations
in the inhomogeneous and isotropic model of the universe, by applying the second-order
perturbation theory in the homogeneous and isotropic universe. First, we have derived the
10
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FIG. 3: The quantity Π which represents the distortions of the two-point correlation function for
χp = 100h
−1 Mpc at the present time t = t0 as a function of χ1 for cases, β = 0.1, 0.2 and 0.4.
general expression (23) for the two-point correlation function in a spherical inhomogeneous
universe model in a form of the series expansion. Then, we have assumed the separation
between two points which we take the correlation is much shorter than both the scale of
the spherical inhomogeneity and the distance from the center. In these approximation, it
can be explicitly shown that the two-point correlation function has the distortion as a result
of the local anisotropy of the volume expansion rate. This result is very different from
the prediction based on the so-called local-FLRW approximation in which sufficiently small
region is assumed to be the same as the FLRW universe. Our result suggests that we should
treat a large void universe model as a locally homogeneous and anisotropic universe model
rather than a locally FLRW universe model.
We computed the distortion of the two-point correlation function for a specific model with
the order of the spherical inhomogeneity being about 10%. In this model, the magnitudes of
the distortions are not negligible compared to the leading order term in the two-point corre-
lation function. Hence, we may test the model of the huge void universe by the observations
of the distortion of the two-point correlation function. In other words, the observational
data of the two-point correlation function of galaxy distribution may contain a systematic
error due to the non-Copernican inhomogeneity.
In practice, the galaxy distribution is observed not in the real space but in the redshift
space. In the case of the homogeneous and isotropic universe model, it is known that coherent
peculiar velocity of the galaxies leads to redshift distortions in the clustering pattern of
galaxies in redshift space. Recently, Guzzo et al. [64] and Blake et al. [65] have presented
the observational results on the distortions of the power spectra which is consistent with the
prediction in the ΛCDM model. So, if the distortions with non-Copernican inhomogeneity
are significantly different from that in the ΛCDM model, we may give a significant constraint
for the non-Copernican inhomogeneity using these observational results. In the models of
the spherical void universe, we expect that the distortion of the power spectra comes from
both the tidal force of the void and the peculiar velocity of galaxies. The effect of the
11
peculiar velocity to the redshift distortion in the void model is left for future work. In order
to compare our theoretical prediction with the observational data, we need to obtain the
two-point correlation function in the redshift space. This is also left for future work.
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Appendix A: Derivation of Eq. (22)
We use the following relations (see, for example [61]); for K < 0,
cosh(
√−Kχ) = cosh(√−Kχ1) cosh(
√−Kχ2)− sinh(
√−Kχ1) sinh(
√−Kχ2) cos γ; (A1)
for K = 0,
χ2 = χ21 + χ
2
2 − 2χ1χ2 cos γ; (A2)
for K > 0,
cos(
√
Kχ) = cos(
√
Kχ1) cos(
√
Kχ2) + sin(
√
Kχ1) sin(
√
Kχ2) cos γ. (A3)
Furthermore, the following relations hold
cos γ1 =
∂χ
∂χ1
and cos γ2 =
∂χ
∂χ2
,
where γ1 (γ2) is defined as an angle between the geodesics of χ1 (χ2) and χ (see fig. 1). By
differentiating Eqs. (A1)–(A3) with respect to χ1 with χ2 and γ fixed, we obtain ∂χ/∂χ1
and ∂2χ/∂χ21. Then, by using these results, we obtain Eq. (22).
Appendix B: Perturbations of the order κ on the Einstein-de Sitter model
Perturbation equations of the order κ on the Einstein-de Sitter model are written as
∆¨(1) + 2H∆˙(1) − 4πρ¯∆(1) = 0, (B1)
χℓ˙
(1)′
⊥ + 3ℓ˙
(1)
⊥ = −2∆˙(1), (B2)
ℓ
(1)
||
a2χ2
= −ℓ¨(1)⊥ − 3Hℓ˙(1)⊥ +
ℓ
(1)
⊥
a2χ2
+
ℓ
(1)′
⊥
a2χ
, (B3)
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where prime denotes derivative with respect to the radial coordinate χ. By solving Eq. (B1),
we obtain
∆(1)(t, χ) =
D+(t)
D+(t0)
∆+(χ) +
D−(t)
D−(t0)
∆−(χ), (B4)
where ∆± are the growing and decaying modes, respectively. Since we consider non-
Copernican universes that approach to homogeneous and isotropic universes at early stage,
we choose ∆−(χ) = 0. By integrating Eq. (B2) with respect to χ, we obtain
χ3ℓ˙
(1)
⊥ (t, χ) = −2
∫ χ
0
dχ˜χ˜2∆˙(1)(t, χ˜), (B5)
where we used the regularity condition of ℓ˙⊥ to fix the integral function. By integrating
Eq. (B5) with respect to t, we obtain
ℓ
(1)
⊥ (t, χ) = −
2
χ3
∫ t
t0
dt˜
∫ χ
0
dχ˜χ˜2∆˙(1)(t˜, χ˜), (B6)
where we set ℓ
(1)
⊥ (t0, χ) = 0 to determine the integral function. By substituting Eq. (B6)
into Eq. (B3), we can obtain the perturbation ℓ
(1)
|| (t, χ).
Here, it should be noted that we have one degree of freedom to rescale the radial coordi-
nate χ. Under the gauge transformation χ→ χ+κζ(χ), the metric perturbations transform
as
ℓ
(1)
|| (t, χ)→ ℓ(1)|| (t, χ)− 2ζ
′
(χ), and ℓ
(1)
⊥ (t, χ)→ ℓ(1)⊥ (t, χ)− 2
ζ(χ)
χ
. (B7)
We fixed the gauge ζ(χ) by setting ℓ
(1)
⊥ (t0, χ) = 0 in Eq. (B6).
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